arXiv: 1503.07565vl [math.AP] 12 Mar 2015 


A SINGULAR LIMIT PROBLEM FOR CONSERVATION LAWS 
RELATED TO THE ROSENAU-KORTEWEG-DE VRIES EQUATION 

GIUSEPPE MARIA COCLITE AND LORENZO DI RUVO 


Abstract. We consider the Rosenau-Korteweg-de Vries equation, which contains nonlinear 
dispersive effects. We prove that as the diffusion parameter tends to zero, the solutions of the 
dispersive equation converge to discontinuous weak solutions of the Burgers equation. The proof 
relies on deriving suitable a priori estimates together with an application of the compensated 
compactness method in the L p setting. 


1. Introduction 

Dynamics of shallow water waves that is observed along lake shores and beaches has 
been a research area for the past few decades in oceanography (see mm)- There are 
several models proposed in this context: Boussinesq equation, Peregrine equation, regular¬ 
ized long wave (RLW) equation, Kawahara equation, Benjamin-Bona-Mahoney equation, 
Bona-Chen equation etc. These models are derived from first principles under various 
different hypothesis and approximations. They are all well studied and very well under¬ 
stood. 

In this context, there is also the Korteweg-de Vries equation 

(1.1) d t u + d x u 2 + f3d xxx u = 0. 

Observe that, if we send f3 -A 0 in ED, we pass from ED to the Burgers equation 

(1.2) dtu + d x u 2 = 0. 

In cite [211ED, the convergence of the solution of ED to the unique entropy solution of 
EH is proven, under the assumption 

(1.3) u 0 6l 2 (l)nL 4 (i), f3 = o (e 2 ) . 

m Appendixes A and B] show that it is possible to obtain the same result of convergence, 
under the following assumptions 

uq £ L 2 (M), —oo < / uo(x)dx < oo, /3 = o (e 3 ) , 

(1.4) J R 

uq € L 2 (R), /3 = o (e 4 ) . 

One generalization of ED is the Ostrovsky equation (see [29]): 

(1.5) d x (d t u + d x u 2 - Pdl xx ii) = ju, (3,j eR. 

ED describes small-amplitude long waves in a rotating fluid of a finite depth by the 
additional term induced by the Coriolis force. If we send (3 —>• 0 in ED, we pass from 
ED to the Ostrovsky-Hunter equation (see @3)- 

(1.6) d x (dtu + d x u 2 ) = r yu, t > 0, i£i 
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In [TTl 13, 18], the wellposedness of the entropy solutions of 111.61) is proven, in the sense 
of the following definition: 

Definition 1.1. We say that u € L°°((0,T) x R), T > 0, is an entropy solution of the 
initial value problem (ESD if 

i) u is a distributional solution of (USD; 

ii) for every convex function p £ C* 2 (R) the entropy inequality 

(1.7) d t rj(u ) + d x q(u ) - 7 rf(u)P < 0 , q(u) = J /'(OVCO d£, 

holds in the sense of distributions in (0, 00 ) x R. 

Under the assumption (11.31) . in [12], the convergence of the solutions of (11.51) to the 
unique entropy solution of (11.61) is proven. 

The dynamics of dispersive shallow water waves, on the other hand, is captured with 
slightly different models, like the Rosenau-Kawahara equation and the Rosenau-KdV- 
RLW equation El EH EH E3 EH . 

The Rosenau-Korteweg-de Vries-RLW equation is following one: 

(1.8) dtu + ad x u + kd x u n + b\d xxx u + b 2 df xx u + cd\ xxxx u = 0, a, k, b±, 62 , c € R. 

Here u(t, x ) is the nonlinear wave profile. The first term is the linear evolution one, while 
a is the advection or drifting coefficient. The two dispersion coefficients are b± and & 2 - 
The higher order dispersion coefficient is c, while the coefficient of nonlinearity is k where 
n is nonlinearity parameter. These are all known and given parameters. 

In [31], the authors analyzed (11.81) . They got solitary waves, shock waves and singular 
solitons along with conservation laws. 

Considering the n = 2, a = 0, k = 1, b\ = 1, 62 = —1, c = 1: 

(1.9) d t u + d x u 2 + dl xx u - df xx u + df xxxx u = 0. 

If n = 2, a = 0, k = 1, 61 = 0, 62 = —1, c = 1, (11.81) reads 

(1.10) d t u + d x u 2 - d'f XX u + df xxxx u, = 0, 

which is known as Rosenau-RLW equation. 

Arguing in [2], we re-scale the equations as follows 

(1.11) d t u + d x u 2 + Pdl xx u - fddf xx u + (f 2 df xxxx u = 0, 

(1.12) d t u + d x u 2 - 0} xx u + ff 2 d? xxxx u £ .i 3 = 0, 
where ft is the diffusion parameter. 

In®, the authors proved that the solutions of ( 11 . 111 ) and ( 11 . 121 ) converge to the unique 
entropy solution of ( 11 . 21 ) . under the assumptions 

(1.13) u 0 £L 2 (R)nL 4 (R), /3 = 0(e A ). 

mm has also been used in very wide applications and undergone research which can 
be used to describe wave propagation and spread interaction (see El H7U281 |3Z|). 

In the study of the dynamics of dense discrete systems, the case of wave-wave and 
wave-wall interactions cannot be described using ( 11 . 11 ) . To overcome this shortcoming of 
m, Rosenau proposed the following equation (see [331 Sj) : 

(1.14) d t u + d x u 2 + df xxxx u = 0, 

which is also obtained by (11.81) . taking n = 2 , a = 0 , k = 1 , 61 = 0 , 62 = 0 , c = 1 . 
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The existence and the uniqueness of the solution for ([1.141) is proved in [30], but it is 
difficult to find the analytical solution for ([1.141) . Therefore, much work has been done 
on the numerical methods for (11.141) (see [3 EU [7, 221 US, EZ]) • 

On the other hand, for the further consideration of the nonlinear wave, the viscous 
term d xxx u needs to be included (see [38]). In this case, (11.141) reads 

(1.15) d t u + +d x u 2 + d xxx u + d\ xxxx u = 0, 

which is known as the Rosenau-Korteweg-de Vries (KdV) equation, and is also obtianed 
by (11.81) . taking n = 2 , a = 0, k = 1 , b\ = 1 , 62 = 0, c = 1 . 

In [38], the author discussed the solitary wave solutions and ()1.15|> . In [21 j . a conser¬ 
vative linear finite difference scheme for the numerical solution for an initial-boundary 
value problem of Rosenau-KdV equation is considered. In [T9], [32], authors discussed the 
solitary solutions for ()1.15l) with usual solitary ansatz method. The authors also gave the 
two invariants for (11.151) . In particular, in [32]|, the authors not only studied the two types 
of soliton solution, one is solitary wave solution and the other is singular soliton. In [ 36] . 
the authors proposed an average linear finite difference scheme for the numerical solution 
of the initial-boundary value problem for (11.151) . 

Consider (|1.14D . Arguing as [14], we re-scale the equations as follows 

(1.16) d t u + d x u 2 + 0 2 df xxxx u E j3 = 0 . 

In j9], the authors proved that the solutions of (11.161) converge to the unique entropy 
solution of m, choosing the initial datum in two different ways. The first one is: 

(1.17) u 0 eI 2 (K), p = o(e 4 ). 

The second choice is given by (11.131) . 

In this paper, we analyze (11.151) . Arguing as [14], we re-scale the equations as follows 

(1.18) d t u + d x u 2 + [id : xxx u + [i 2 df xxxx u = 0 . 

We are interested in the no high frequency limit, we send /3 —> 0 in (11.181) . In this way 
we pass from (11.181) to ( 11 . 21 ) . We prove that, as j5 —>• 0, the solutions of (11.181) to the 
unique entropy solution of (11.21) . In other to do this, we can choose the initial datum and 
/3 in two different ways. Following [f 6 ] Theorem 7.1], the first choice is given by (11.171) 
(see Theorem EH). Since ||-|| L 4 is a conserved quantity for (11.181) . the second choice is 
given by (I1.13|) (see Theorem l3.1D . It is interesting to observe that, while the summability 
on the initial datum in (11.131) is greater than the one of (11.171) . the assumption on /3 in 
(11.131) is weaker than the one in (11.171) . 

From the mathematical point of view, the two assumptions require two different argu¬ 
ments for the L°°—estimate (see Lemmas 12.21 and 13.11) . Indeed, the proof of Lemma 12.21 
under the assumption (11.171) . is more technical than the one of Lemma 13.11 Moreover, 
due to the presence of the third order term, Lemmas 12.21 and 13.21 is finer than [£, Lemmas 
2.2 and 3.2], Indeed, with respect to [9j Lemma 2.2], in Lenuna 12.21 we need to prove the 
existence of two positive constants, while, with respect to [9] Lemma 3.2], in Lemma 13.21 
we need to prove the existence of four positive constants. 

The paper is is organized in four sections. In Section El we prove the convergence of 
(11.181) to (11.21) in L p setting, with 1 < p < 2. In Section [3l we prove the convergence of 
(11.181) to ( 11 . 21 ) in L p setting, with 1 < p < 4. The Section [His an appendix where we prove 
that the solutions of the the Benjamin-Bona-Mahony equation converge to discontinuous 
weak solutions of CH in in L p setting, with 1 < p < 2. 
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( 2 . 1 ) 


2. The Rosenau-KdV-equation: u 0 g L 2 ( 

In this section, we consider (11.181) . and assume (11.171) on the initial datum. We study 
the dispersion-diffusion limit for (11.181) . Therefore, we fix two small numbers 0 < e, f3 < 1 
and consider the following fifth order approximation 

dtu e ,i3 + d x u 2 £f} + f3dl xx u e fi + P 2 df xxxx u £ ^ = ed 2 xx u e t p, t > 0, i£l, 

v u £i/3 (0, x) = u e ^ fi {x), x G M, 

where u £: p y o is a C°° approximation of uq such that 

u e,/3,o —t uo i n Lf oc (M),l<p<2 , as e, /3 —» 0, 

(2.2) T ^ Co, > 0, 

(/3 2 + /3e 2 ) ||5 2 x u EA0 ||i2 (R) + P* \\d 3 xxx u £A0 \\ 2 L2m < C 0 , e, P > 0, 

and Co is a constant independent on e and p. 

The main result of this section is the following theorem. 

Theorem 2.1. Assume that (11.171) and (12.21) hold. FixT > 0, if 

(2.3) P = 0 (e 4 ) , 

then, there exist two sequences {e n } nG pp (AijneN; with e n ,p n —> 0, and a limit function 

u G L°°((0, T); L 2 (M)), 

such that 

i ) u £nt p n —>• u strongly in L^ oc (M+ x M), for each 1 < p < 2, 
ii) u is a distributional solution of dm 
Moreover, if 

(2.4) p = o (e 4 ) , 
in) u is the unique entropy solution of (USD- 

Let us prove some a priori estimates on u £ n, denoting with Co the constants which 
depend only on the initial data. 

Lemma 2.1. For each t > 0, 

r ^ 

(2-5) \\u £j p(t,-)\\ 

L 2 (K) + P \\^xx U £,/3^' ')|Il 2 (R) + 2£ \\9 x U £j p(t, •) 11Z /2 (]R) — Co- 

Proof. We begin by observing that 

u e,pdlxx u e,pdx = 0 . 

Therefore, arguing as [9J, Lemma 2.1], we have (12.51) . □ 

Lemma 2.2. Fix T > 0. Assume (12.31) holds. There exists Cq > 0, independent on e, P 
such that 


I 

Jr 


(2-6) II u £,/3|Il°o(( Q)T ) xR ) ^ Co/3 4 . 

Moreover, 

i) the families {P*d x u £i p} £j p, {P z ed x u £ ^} £ ^, {pisd 2 x u £ ^} £j p,{pid^. xx u £j p} £j p, 
are bounded in L°°((0, T); L 2 (R)); 

ii) the families {/3 4 £ 2 d? x u £t/3 } £i p, {P z e^df xxx u £t p} £i p, {P z ed t u £ ^} £ ^, 
{P*£*dtx X u £ ,p} £ ,p, {Pz£idl x u Ei p} £ ,p are bounded ml 2 ((0,T) x M). 
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Proof. Let 0 < t < T. Let A, B be some positive constants which will be specified later. 
Multiplying flU]) by -/?2 d 2 xx u e ^ - Af3ed? xx u £ ,p + Bed t u £t p, we have 


(2.7) 


~P 2 dl x u e ,p - A/3ed? xx u £ ,p + Bed t u £t pj d t u £ ,p 

+ 2 (-P*3% x u £iI3 - A/3edt xx u £i p + Bed t u £ ^ u £} pd x u £: p 
P - Afjedf xx u £y p + Bed t u £t pj r% xx u £jj 

+ P 2 (-P*d% x u e ,p - Afjed‘f xx u £ ^ + Bed t u e ^ d% xxxx u £ ,p 
= £ (-fid 2 xx u £t p - Afj£df xx u £ ^ + Bedtu^p) d 2 xx u £ ,p. 


We observe that 


( 2 . 8 ) 


Since 


~P 2d xx u e,P - A P^txx u e,P + Bed t U £ ,p) d t U e fjdx 

= ~2"dt, ‘)HL 2 (E) A P eA \\dtx u £,p(t"! ')||2 2 (R) 

+ Be \\dtu £ fl(t, •) ||^ 2 ^ • 


2 / [~p2d% x u £> p - A(3ed? xx u £i p + Bed t u £t p J u E> pd x u £i pdx 

J R 

= - 2^2 / ti £ .pd x ti £i pd xx u £}0 dx - 2A(3e / u £ ^d x u £> pdf xx u E ^dx 

J r Jr 

+ 2 Be / u £t pd x u £t pd t u £ ^dx, 

Jr 

P J ^ (-P*6% x u £t p - Af3ed? xx u £ ,p + Bed t u Ej ^j d% xx u £ ,pdx 

=A(3 2 e / dl x u £t pdf xxx u £t pdx + B(3e / d x u £ .pdf xx u £t pdx, 

P 2 / (~P^dl x u £) p - Aped? xx u £i p + Bed t u £i p) dl xxxx u £) pdx 

J R V ' 

5 

j3 2 (Jj 2 2 

= _ 2 _ dt -)|Il 2 (R) ||^txxx^£j^(^’ ‘) 11 Z> 2 (M) 

+ S/3 2 £||^ x 'ii £j/9 (t,-)||5,2 (R) , 

e jf (~P^dl x u £ ,p - A(3edf xx u £t p + Bed t u £ j^j d 2 xx u £ ,pdx 

Af3e 2 d 


P 2 & || ^XX^’SjPifl ’) 11 (]R) 


2 dt 


||^xx' u e,/3(^ ') Hl 2 (R) 


Be 2 d 


% u e,p{t , ‘) 11 L 2 (r) , 


2 dt 
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an integration on R of (ESI) gives 


d (p 1 +B^ n W(tj .)||2 ](I| + AK \\ d lu tA t, Oll^j 


dt 


/3§ d 


(2.9) 


+ ~YJt 11 ^“^’') 11 L 2 (k) + P eA ll<W*. •)|| 2 2(R) 

+ Be || dtu e> p(t, ')llx, 2 ^ + Aft e \\d txxx ii £t p(t, ')||2 2 (r) 

+ BP £ ‘) 11 ^ 2 (]R) "f" || d X x'U j e,[i(j'-i -)||l 2 (k) 

— 2/3 2 I u £ ^pd x u £ ^pd xx u £ ^dx + 2APe / u £ ^d x u £t /sd^ xx u £ ^dx 
J IR. J R 

- 2 Be / u e fid x u e fid t u e) pdx - Ap 2 e / dl x u £j pd$ xxx u £ ^dx 

J R J R 

- B/3e / d x u £ji df xx u £ ^dx. 

Jr 

Using (12.21) . 0 < /3 < 1, and the Young inequality, 


2/3 2 f \u et pd x u ej p\\d% x u £tl 3 \dx = P? f 2 Ue A d A L eA 
Jr Jr £2 

f P^£ 2 

J u e,p(P xU £t p)~dx -\ — ||<9 a , I .'u £i ^(t, ’)||2 2 (r) 


eVcfcxU^pit,- 


dx 


2/33 


<Co£ II' u £,^IIl 2 ((0,T)xR) II 9 x U £i p(t, *) 11 JJ2 ( R ) + 2 || dxx u e,p(ti ’) 11 L 2 (R) ’ 


2At3e / \u £ ^d x u £ ^\\df xx u £ ^\dx = e / 

J R J R 


2Au £ fid x u £ fi 


Vb 


'/Bpdl x u e .0 


dx 


<- 


2A 2 e 


< 


B 

2A 2 e 


L 2 (R) 


J^ 2 e,p(d x u £ ,p) 2 dx + \\d! xx u £! p(t,-)\\] 

£> II' u £,/3|Il 2 ((0,T)xR) L 2 (R) ’ 


2 Be I \Ue i /3dx'U j £ i /3\\dt'U'£,/3\dx — Bs I \2 i U £ ^(30 x V'£^/ 3\ \dtVj e ^\dx 

J ]R J R 

/* 

J u e ) p(Px u £ ,p) dx H — \\dtu £ ^{t, •)||2 2 ( R ) 


<2Se 


Be 


<2Se ||«e,^|li 2 (( 0jT ) xR ) ||9 x lt e>i a(t, •) llx,2(]R) + 2 ■) 11Z/2 (R) 


AP 2 e \dl x u £i p\\dt xxx u £ ^\dx = Ae j pld 2 xx u e ,p p^dt xxx u £iP 
J R J R 


dx 


— 2 ll^x u e./3(V)||z,2(R) + 2 ll^ixxx“e,^( i ) 0 || 2 y2 ( R ) 

— 2 II ®xx u e,p{t, OH^^) 3 — ||^fccxx u e,^(*> ') II Z, 2 (M) ’ 

Bfie / d x u £ fid\ xx u £ fidx = e \d x u £t p\ \B pd$ xx u et p\ dx 

J R J R 

£ „ „ N „9 B 2 f3 2 £ || 3 „ 1,2 


— 2 Il^x u e,y 8 (^) 


+ 


\\dtxx u e,p(t) ')||l 2 (R) ’ 


2 
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Therefore, EHD gives 
d (pv + Be 2 


A/3e 2 


dt 


\\dxUe,p(t, ')IIl 2 (R) + 9 ||^xx n £,/9(^ ‘)11x, 2 (M) 


P% d 


( 2 . 10 ) 


' 2 dt ^ xxxUe ’P^' ")IIl 2 (r) \\dtx u £,p(ti ')||l2( K ) 

Be .. . x 2 A(3^e I. 4 , \i|2 

+ "7^" II dtU £ ^(t, *)IIl 2 (R) “I 2 I \dtxxx u e,P\t> *) IIL 2 (]R) 

+ f A (1 - S) *) 11 ^ 2 (R) + ^ (1 - -4) ||3Lu e ,/»(*» 0 

— Cq£ II u e,/3|Il 2 (( 0 ,T)xK) ') II L 2 (R) + 9 ll^x u e,^(*J ')IIl 2 (R) 


+ 


2A 2 e 

~eT 


I U£ A\\l 2 ((0,T) xE) II 5 * u e,/3(*> ') IIZ, 2 (IR) 

+ 2£>£ H n e,/3llL 2 ((0,T)xR) ll^^e,^’ ')IIl 2 (R) ’ 


Choosing A = —, B = —, from (12.101) . we have 


d_ ( 2/32 + £ 2 
dt ( 4 


r:Uc 


Air) II 


+ ^f! 

L 2 (R) + 4 


||^xx u e,^(^) ') || x,2(at) 


+ 


pl_d_ 
2 df 


/3e 


||^xxx u £,^(^> ')|Il 2 (R) 9 \\^tx u £,p(ti ‘) 11Z, 2 (R) 


/3 3 e 


+ ^ Ildi'Ue^i, •)IIl 2 (R) + 4 ||^fccxx u e,^(^5 ')||l 2 (R) 

+ ll^txx^E,^) ')||l 2 ( M ) + ~ \\^xx u eA^ ’)||l 2 ( R ) 

— ll^£„fl|| L 2 ((0,T)xR) II dx u £,p(ti ')IIl 2 (R) + 9 ll^x“e,^(i) Ollj^Qg) • 

m, (Esi), and an integration on (0, t) give 

^ \\dxU E , p(t, ') 11 Zy 2 (M) + \[dxx u e,p{ti ’) 11L 2 (R) 

5 ^ 

+ ~2 \\dxxx U£ ’pft' ’) IIl 2 (R) ~2 / ')IL 2 (R) 

£- /* ^ j3^ E (* ^ 2 

+ 4 W^tUe^is, •)IIl 2 ( R ) ds H — \\d txxx u et p(s, ‘)||z, 2 (m) 


( 2 . 11 ) 


+ ^i) ll^^( s ’-)ll^(R) ds + ^r / Kx^^Oll^jda 

— Co + Cq£ H' u £,/9ll2 2 ((0,T)xR) j ^x u eA S i •) ||^2( R ) ds 

+ 2 J 0 W®x U eA s i •)II L 2 (k) ds < Cq ^1 + 11IIL 2 ((0,T)xR) 

We prove (|2.6p . Due to (12.51) , (12.lip , and the Holder inequality, 


^ / V j £,pdx'U j £,(3d j X ^ 2 / \V'£ 1 pd x 'U'£,(3\dx 
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— he,ptf’ ’) II L 2 (R) hx u e,p{ti ') II l 2 (R) 

+ II 7 /£ .^IIl 2 (( 0 ,T)xR)) ’ 


that is 


II' U£ >/ 3 IIl 2 ((0,T)xR) ^1 (-*■ + II U£ >/ 3 IIl 2 ((0,T)xR) 

Arguing as |9] Lemma 2.2], we have (12.61) . 

It follows from (12.61) and (12.111) that 

- \\9 x Ue,p(t, ')IIl 2 (R) + hxx u e,p{ti ') 11 Z, 2 (M) 

ft 


+ 9 ||^xa;a;' u e,/3(^)') ||2 2 (R) 2 II^^'dM 5 ’") II L 2 (R) ^ 

A 4 J \\dtu £> p{s, •) ||^ 2 (r) ds -f — J \\d txxx u ej p(s, •) ds 
+ ^L 11^*“^^’'^11 L 2 m dS+ ^T f Q \\®xx u £,p(ti ')||l 2 ( R) d S — Co/3 


that is, 


2/3 + /32 e 2 2 . /3^e 2 I, „ 2 mi 2 

4 Wx u e,p{t, ')IIl 2 (R) + 4 |Pxa: u e,^(*) ') |Il 2 (R) 

+ ~ 2 ~ H^xxx^/K^ ') 11Z/ 2 (M) ^ 9 ll^ix^e,/^) ') 11 iL 2 (M) 

■f ^ ll^' u £,/3 ( S !') IIl2(r) ^ H y y ||^xxx u £,/3(' s > 011^2^) ^ 


/32£ 


y i^L^^oii^cRj^+^y nc«£,/3(^-)iii2 (R) ^< Co 


Hence, 


P 2 ||9 x u £]( a(f, •)||X/ 2 (m) CCo; 

/5 2 £ \\dxU e ,p{t, •)||x, 2 (M) —Co> 

Z?4 £ H^xltg^lt, •) || ^ 2 ^ R ) —Co, 

P 2 ’) || £ 2 (]R) <Co, 

3 rt 2 

/^ e y ||C > t a; ^ e , / 3(s, •)|| jL 2 (]R) <c 0 , 

P~ 2 sj ll^' u e,/ 3 (' s ) ‘)IIz,2(k) —C05 

L W d txxx U eA S i -)||l 2 (r) ds <C 0 , 

pt 

P*e] ||^ a , a .?x £}/ g(s, •)||^ —^Cb 
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/»£ 

fi^ J || ^ XX U £ ^(t, ’ ) | | Zy 2 (M) ^ — G)) 

for every 0 < t < T. □ 

To prove Theorem 12.11 The following technical lemma is needed [26] . 

Lemma 2.3. Let Q be a bounded open subset ofM. 2 . Suppose that the sequence {£ n } n eN 
of distributions is bounded in VF _ 1 , 00 (n). Suppose also that 

C'n — hL\ n T LL2,m 

where {£i,n}neN lies in a compact subset of and {£ 2 ,n}reeN lies in a bounded 

subset of Miocifl). Then {£ n }iigN lies in a compact subset of Hf^{Vt). 

Moreover, we consider the following definition. 

Definition 2.1. A pair of functions ( 77 ,( 7 ) is called an entropy-entropy flux pair if 
7/ : R —>• M is a C 2 function and q : R —>• R is defined by 

q(u) = 2 [ £j/(£)d£- 
■Jo 

An entropy-entropy flux pair ( 77 , q) is called convex/compactly supported if, in addition, p 
is convex/compactly supported. 

We begin by proving the following result 

Lemma 2.4. Assume that (11.17]) . (12.21) and (12.31) hold. Then for any compactly sup¬ 
ported entropy-entropy flux pair ( 77 , q), there exist two sequences {e n }neN; {AijneN; with 
e n , fin —> 0 , and a limit function 

u € L°°((0, T); L 2 (R)), 

such that 

(2.12) u Ent/3n -M 1 in Lf oc ((0,T) x R), for each l<p<2, 

(2.13) u is a distributional solution of (11.21) . 

Proof. Let us consider a compactly supported entropy-entropy flux pair ( 77 , q). Multiply¬ 
ing (f 2 Tl) by p'(u £) p), we have 

dtp{u £ ,p) + d x q{u £ ,p) =erf {u £ ^)d 2 xx u £ fi - fiG% xx u e ,p - fi 2 r{ (u e ^)d\ xxxx u E ^ 

=Il,E,P + h,e,p + h,£,p + h, £ ,p + h,£,P + ,e,Pi 

where 

Ji,e,p = eJx(erj (u £ ^p)d x u £j p) i 
J- 2 ,e,p = ep {u £t pfld x u £t fj )~ J , 

, . Ae ,p = ~d x (fir 7 (u £t p)d xx u £j p), 

(- J -^) j _ O III NO o2 

J-4,£,P fif 1 \ U E,P)dx U E,pd XX U £,Pl 

,s,p = ~d x (fi p (u £t p)d txxx u £t /s), 

do,£,p = fif. 1 ( u £,p)eJ x u £t pd txxx u £t p. 

Fix T > 0. Arguing in [12j Lemma 3.2], we have that h.e.p —> 0 in T) x R), 

and {I 2 ,e,p\e,p>o is bounded in L 1 ((0,T) x R). Arguing in [9] Theorem B. 1], I^,e,p —>• 0 
in U _1 ((0, T) x R), and h l£ ,p —t 0 in L 1 ((0, T) x R), while arguing in [21 Lemma 2.4], 
h,£,p 0 in # _ 1 ((0,T) x R), and {h, £ ,p} £ ,p>o is bounded in L 1 ((0,T) x R). 
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Therefore, (12.1211 follows from Lemmas 12.1112.31 and the IP compensated compactness 
of [35]. 

Arguing in [8J Theorem 2.1], we have (12.1311 . □ 

Following [23], we prove the following result 

Lemma 2.5. Assume that (II . 17|) . (12.211 and (12.41) hold. Then for any compactly sup¬ 
ported entropy-entropy flux pair (rj, q), there exist two sequences {e n }neN) {/3 n } ne N., with 
£ n , Pn —t 0, and a limit function 

u € L°°((0, T); L 2 (M)), 

such that (12.121) holds and 

(2.15) u is the unique entropy solution of (11.211 . 

Proof. Let us consider a compactly supported entropy-entropy flux pair (p, q). Multiply¬ 
ing (12.11) by r/'(u £)i a), we have 

dtv(u e ,p) + d x q{u £ ,p) =er\ (u e fi)d 2 xx u E $ - pdl xx u £ ^ - p 2 r{ (u £ ^)d\ xxxx u £ ^ 

= h,£,P + h,£,/3 + h,£,/3 + -^4, £, (3 + h,£,/3 + h,£,P 

where h, e ,p, h, e ,p, h,e,p , h,e,p, h,e,p, h,£,p are defined in (12.141) . 

As in Lemma 12131 we obtain that Ii t£ ,p —> 0 in Lf _1 ((0, T)xM), {T 2; /3} e ,/3>o is bounded 
in L 1 ((0, T ) x R), l 3 ,£,p —> 0 in H 1 ((0, T) x R), Ia,£,p 0 in L 1 ((0, T) x R), I*> l£ ,p 0 

in Lf _1 ((0,T) x R), while arguing in [9] Lemma 2.4], I§ i£ ,p 0 in L 1 ((0,T) x R) 

Arguing in [8] Theorem 2.1], we have (12.151) . □ 

Proof of Theorem \2.1\ Theorem 12.11 follows from Lemmas 12.41 and 12.51 □ 

3. The Rosenau-KdV-equation. u 0 € L 2 ( R) n L 4 (R). 

In this section, we consider (| 1. 181) . and assume (11.131) on the initial datum. We consider 
the approximation (12.11) , where u E p^ is a C°° approximation of uo such that 

u £) o —t uq in Af oc (R), 1 < p < 2, as e, P -s- 0, 

||^e,/3,ol|£4(]R) + ll' u e,/3,oll^2(]g) + yP^ + £ J 11 11Z/ 2 (IR) — ^0’ £-, P > 0, 

(31) 9 r / 

{P 2 + fde 2 ) 11 $xx u £,Pfi 11L2 { jf) + (p* +/3 2 e 2 ) \\dl xx u eA0 ||* a(R) < C 0 , £,P>0, 

P — Chi £,/3 > 0, 

and Co is a constant independent on e and p. 

The main result of this section is the following theorem. 

Theorem 3.1. Assume that (11.131) and (13.111 hold. Fix T > 0, if ([2.311 holds, there exist 
two sequences {e n } nG N, {AijneN; with £ n ,Pn —> 0, and a limit function 

u € L°°((0, T); L 2 (R) n L 4 (R)), 

such that 

l) u £„,p n u strongly in L P oc (R + x R), for each 1 < p < 4, 
ii) u is the unique entropy solution of (USD- 

Let us prove some a priori estimates on u Ey p, denoting with Co the constants which 
depend only on the initial data. 
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Lemma 3.1. Fix T > 0. Assume (12.31) holds. There exists Co > 0, independent on e, /3 
such that (ESD holds. In particular, we have 

P \\d x U £ fl(t, •) ||^2(jj) + P ") 112^2(M) 

+ ~yJ 0 \\ d xxUeA S r)\\ 2 L 2 im d S < Co, 

for every 0 < t < T. Moreover, 

3 

(3-3) || L°°((0,T) xE) — ^0 P 

Remark 3.1. Observe that the proof of Lemma \3.1\ is simpler than the one of Lemma 
1 2.21 Indeed, we only need to prove (USD. 


(3.4) 


Proof of Lemma \3.1l Let 0 < t < T. Multiplying (12.11) by — P 2 d xx u £j p, we have 
P^ d xx U£,pdt u £,fi 2/?2 u £ t pd x u £ ,fsd xx u E ^ 

+ (3 2 d xx u £ pd xxx u £ p [3 2 d^ xxxx u £ pd xx u £ p (3 2 £(d xx u E p) . 

We note that 

P* / dlx u e,pdl xx Ue,i3dx = 0 . 

Jr 

Therefore, arguing as [9], Lemma 3.1], we have &) , m and ». □ 

Following [10 , Lemma 2.2], or [151 Lemma 4.2], we prove the following result. 


Lemma 3.2. Fix T > 0. Assume (12.31) holds. Then: 

i) the family {'u ei( g} £)( g is bounded in L°°((0, T); L 4 (R)); 
ii) the families {ed x u £ ^} £ ^, {/3^edf. x u £} 0 } £: p, {/3d^ x u £ ^} £ ^, 

{P £d xxx u e,h}e,fi, {fddt xxx u £ ,p} £ ,pare bounded in L°°((0, T); L 2 (R)); 
in) the families {P*£ 2 (% x u ej p} £j p, {e^d t u £ ^} £ ^, {/3^£ 2 df xxx u E ^} £j p, 

{P £ ^ d txx u e,p}e,p, {&u e fidxU e fi} et p{E*d%. x u e fi} E rf, {Pe*S% xx u £ , p} e ,p, are bounded 
in L 2 ((0, T) x R); 


Proof. Let 0 < t < T. Let A, B, C, E be some positive constants which will be specified 
later. Multiplying (12.11) by 

u%p ~ A£ 2 dlx u e,f) ~ Bf 3 £d? xx u £ ,/3 + Ced t u £t p + Ep 2 d* xxx u £ ,p, 

we have 

(*4/3 - Ae2d lx u e,f3 ~ Bf3ed\ xx u £ ^ d t u e3 
+ ( Cedtu £t p + Ef3 2 d* xxx u £!/3 ) d t u £iP 
+ 2 { u l,P - Ae2d lx u e,p - Bf3£d? xx U £j p) U £i pd x U £t p 
T 2 (Cedtu £ fi + E/3 d xxxx u £j p) u £j pO x u £t p 
P (**e,/3 A ~ d xx u £ p Bf3ed txx u £ 'p) d xxx u £ p 
+ /3 (Cedtu^p + E(3 2 

^xxxx^Sth) ^xxx^£,0 

+ P 2 (* 4/3 - A£2 dl x u £fi - B(3edt xx u £ fi') dl xxxx u E> p 
+ /3 2 (Cedtu £y p + E/3 2 

^XXXX^EjP) dlxxXxJP-.J 

= £ (*4/3 ~ Ae2d lx u e,0 - Bp£d? xx U E> p) d 2 xx U E fi 

+ £ (Cedtu £} p + E(3 d xxxx u E ,p) d xx u Et p. 


(3.5) 
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Since 


/ ( U %B - As2d lx u e,p - B/3edf xx u E} p) d t u e fidx 

J M 

= 4 (ft W U£ >p(t’ ’)IIl 4 (R) ■+ —~df II dxUe,p(t, •)|| i 2 (K) 

+ B p£\\dt x u £i p{t 1 -)\\ 2 L2{VL) , 

/ (C£d t u e> i 3 + Eft 2 d xxxx u £j/3 ) d t u e ^dx 

Jr 

=Ce || dtu £i p(t, ■) 11 z , 2 (ffi) 9 ~J// \\dxx u e,p(ti ') 11 l 2 (r) ’ 

2 / (^e,/3 ^xx^£,P -B ft£df xx U Ej fj^j 'U’£,pd x U£,f)dx 

Jr 

= - 2Ae 2 / u £ fid x u £ fid 2 x u E fidx - 2Bf3e / u £ ^d x u £ ^df xx u £ ^dx, 

J M J M 

2 / (C4u e ^ + B/3 2 ^XXXX u e ,p) u £ fid x u £i pdx 
Jr 

—2C / u £ ^d x u £) fjdfU £ ^dx 2B/3 / ( d x u £ i( g) d xxx u £t pdx 
J M. J M 

— 2B/3 / u £i pd xx u £ fid xxx u £ ^dx 1 

Jr 

-2E/3 2 [ {d x u £} p) 2 dl xx u £ ^dx - 2E/3 2 [ u £ ^d 2 xx u £ ^dl xx u £ ^dx 


=5E/3 2 / ( dl x u £t p) 2 d x u £t pdx = - 


5 B/3 2 


{dx u e,p) d xxx ii £) pdx , 


2 / (Cedtu £ fi + E/3 d xxxx u £ ^ft) u £ ^d x u £ ^dx 

Jr 

r 5E/3 2 f 

= ‘JCe I u £ ^d x u £ ^dtu £j fjdx - I [d x u £ ;( g) d xxx u £ pdx, 

Jr 1 Jr 

/ 3 / («£,/? - A £ 2 dl x u £ ,p ~ Bi3ed : l x u £) s) cP xxx u E ^dx 

J R 

= — 3/3 / u e pd x u £t pd xx u £t pdx — B/3 e / d txx u £ ^d xxx u £ ^dx , 

J IR J M 

/3 / (Cedtu £ ,p + E/3 2 d xxxx u £i p) d : xxx u £/j = Cf.3e / df xx u £ ^d x u £ ^dx, 
Jm. J r 

/? 2 / («e,|8 - A£2 dL u £,P - B P £ &t X x u £ ,p) df xxxx u £/j dx 
Jr 

f A/3 2 e 2 d 2 

= — 3/3 J u £t pd x u E fid txxx u £ fidx H — — || d xxx u £ ,p(t, ■)11Z/ 2 (k.) 

+ B/3 £ || ^txxx^'£,pftPi ")|lz 2 (R) ’ 

/3 2 / + B/3 2 

^XXXX 

Jr 

— ( /3 £ || d txx U £> p(t, ■) 11Z/ 2 (R) ^ ^\®xxxx u £,p(t 1 ') 11Z/ 2 (R) ’ 
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' / - As ‘ 2 dx X U £;8 ~ BfetitxxUej) d 2 xx U e ,pdx 

J R 

— — 3£ || U £> p(t, ')d x U s p(t, ■) ||£2( R ) At ||^a;a;' U £,/3(^) ’) 11Zy 2 (M) 

Bj.3 e 2 d I, 2 


2 dt 


\\d X x u E,p(t> ‘)|| l 2 (R) ’ 


: / (Ced t u e , p + E/3 2 

^XXXX u s,p) d xx u £ . (i dx 
Jr 

= Y~ dt \\dx u e,p(t, 0IIl 2 (R) ~ E @ £ || dxxx u e,p(t, 0|| L 2( R ) • 


an integration on R of (13.51) gives 


dt ^4 W U £,p(t’ 0IIl 4 (R) + 2 0IIl 2 (R)^ 


+ 


d (A/3 2 £ 2 Ur ^ 3 u ^||2 , E/3 A n^ 4 x n 2 

dt 


(3.6) 


II^Lx^M^ 0 ||l2( R ) + 9 \\dxxxx u £,p(ti ') || Z,2(R) 

+ B/3£ 2 E/3 Jt ■)H' 2 (M) + B P £ \\ d tx U e,P^ 0 11 x,2 (R) 

+ Ce || dtu £ fi(t, 0IIl 2 (r) a e \\dtxxx u e,p(ti 0|| L 2( K) 

+ C/3 e \\d txx u £j p(t, 0||l 2( R ) + 3e \\u Ej p(t, ')d x ii ei p(t, ■) ||^ 2 ( R ) 

+ \\dxx u E,p(t, 0||! 2(r) + e P 2 £ II 9l xx u £> p(t, 0|£ 2(R) 

/ V'E:,p9 x 'U‘£,pd xx 'U‘E,pdx 2B/3 e / u £ ^d x 'u £ ^d^ xx u £ ^dx 
J M J ]R 

r 5E/3 2 r 


= 2Ae 

+ 2Ce I u E fid x u Et pd t u ei pdx + 


(d x u e fl) d xxx u E fidx 


+ 3 (3 / u £ jjd x u E . gd xx u E gdx + B/3 £ / d txx u £i fid xxx u £ ^dx 
J] R J M 

— C/3e I d- txx u £ fid x u £ fidx + 3/3 I u £ ^d x u £ ^dj- xxx u £j pdx. 

J M J M 


Due to the Young inequality, 


2Ae 1 


\'U£fid x U £ ft\\d xx 'U'£,p\dx — / £ 2 ‘^‘£,p9 x U £ ^ 2Ae 2 d xx U £i fi 

Jr 

— 2 \\ u E,p(ti ’)9 x u £! p(t, 0||^2( R ) + 2A e ||5 xx w E)/ g(i, 0 ||l2( R ) j 

2 B/3e I u £ fld x u £t pdt xx u £t / 3 dx = £ j \u £ ^pd x u £ ^\ 1 2B0d^ xx u £j p | dx 
J M. J M 

2 ll w e,/S(^ 0 d x u £ ,p(t, OH£2( R ) + 4S 0 £ ||(9 ta , a ,u e)( a(t, 011x 2 (K) ! 

2 Cs j {ue^dx^e^ldtu e fidx — s I \'U' e ftdx'u> e ft\ \2Cdtu e ^ \ dx 
J M J R 


dx 


— 2 ll' u £,^(^ : ) ')9 x u E,p(tj 0IIl2(r) + 2C e \\dtu ei p(t, 0IIl 2 (r) j 


B0 2 £ / \dl xx u £ ^\\dl xx u £) p\dx = 0 2 e 

Jr 



//X X ^ E 


A 


u 


■E,P 


dx 
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/3 2 e 


< AB 2 /3 2 £\\df xx u £ ^(t,-)\\l Hm + — \\dl xx u £ , p (t ,-)\\ L2{R) , 

C7?e / \df xx u £ ^\\d x u £ ^\dx = Ce / \pdf xx u £jP \ \d x u e>p \dx 
J R J M 

< ^ l|SLWt, Ollyi.) + ^ II')lli» (R) ■ 


Therefore, from (13.61) . we have 


dt (4 ')Hi 4 (R) 9 ')llz, 2 (M) 


+ 


d_ f A/3 2 s 2 
dt 


Ef3 4 


\\dxxx u E,p(ti ') Hl 2 (R) 0 \\®xxxx u E,p(t"> ■) IIl 2 (R) 


(3.7) 


+ Bl3c t E>3 Jt \\ d ** U ^ -)llL(R) + B/3e II d l U eAt, *) llz, 2 (R) 

+ (1 - 2C) Ce \\d t u £; p(t, Ollia^) + Bfi 3 e || d? xxx u E ,p{t, •)||i 2(K) 


C 


+ - - 8 ^ 2 P 2 e\\d 3 xx u £t p(t, 


2 3 .s 

Il 2 (r) + \\ u £,p(t"> ')d x u £t p(t, • 


L 2 ( R) 
2 


< 


+ {A- 2 A 2 ) e 3 j| dl x u £ ,p(t, -)|L 2(K) + (^ _ 2 J ^ £ ll^**^^’ ')IIl 2 (r) 

5E(3 2 f f 

r / {d x u £ ^) \d xxx u £t p\dx + 3/3 / 
z ii Jr 


< 


f Ce 

3/3 / H — ||5 x 7X £i ^(t, •) IIx,2 (HE.) • 

J R 


From (12.31) . we get 
(3.8) 


j3 < D 2 e 4 , 


where D is a positive constant that which will be specified later. It follows from (13.31) . 
(13.8|) and, the Young inequality that 


e 2 cL 'u 


[ ( d x u e,p) 2 \d xxx u £ ,p\dx = E/3 2 f -\(d x u £ p) 

A Jr Jr 2ea 

25E(3 2 /T 4 E/3 2 e ,, 3 . , l|2 

Jr U£ ^ ^ + \\ d xxx u eA^ "3 Hi 2 (R) 


XXX u £,/3 


dx 


< 


< 


8 

25C/3 2 


+ 


\\d x Ue,p\\ L 

°°((0,T)xR) \\d x u £ ,p(t, 0llz, 2 (M) 

2 \\dxxx u e,p(t> ‘) 11 Z. 2 (M) 


8e 
E/3 2 e 


< 


<^ 0/32 |10 . , ||2 Epe 


\\9 x U £ ^(t, •) ^ ||^Exa:' u e,/9(A)|| 


— CqD \\d x U £ ,p(t, •) II x ( 2 (]R) "I" 2 ||^xxx^£j/S(^> )|Il 2 (R) ) 

3^ [ ul p \d x u £iP \\d 2 xx u £ ^\dx < 3/3 II^H L°°((0,T)xR) / I < 3* Z ' 


< 


3Co.De 2 / |9 x u ei( g||^ x « e)/ 3|dx = 3 / e^d x u £>p C 0 De^d 2 xx u £) p 
J R «jR 


dx 
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< 


3e 


v u E,p(ti')\\L2^ CqD £ \\^xx u £,/3(tj ') 11Z/ 2 (M) 


3/3 / u £ p\d x u £t fj\\d txxx u £i p\dx — 

Jr Jr 


3f32u 2 £fS d x u £} p 


a/B£2 


Vb/3 2 e 2 df xxx u e,p 


dx 


< 


< 


< 


1L 

2 Be 
3/3 
2Be 


f 9 B/3 s e 

/ u e,p(Px u e,p)' J dx H — ^\dtxxx u £,p(ti ')|| 

Jr 1 

I II L°°((0,T) xR) \\ u £,p(t, -)d x U e ^(t, •) 11 z, 2 (M) 


2 

L 2 (R) 


B/3 6 £ || 4 \ ii2 

3 ” 9 || ^txxx^ J £,/Jv'i 


2 

C 0 De 

B 


I L 2 (R) 


B /3^£ 2 

\ u E,f}{ti ')d x U £i p(t, *) 11 z 2 (R) 3 2 ll < ^txxx' u, £,/9(^i *) 11 L 2 (IR) 


Then, it follows from (13.71) that 

^ ^4 H^,y3(i, ’) IIl 4 (R) + 


£2 n a ^ 

Q ||9 x zi £i ^(t, • 



dt 


dfAp 2 £ 2 ,, 3 . . I|2 E/3 4 


||^xxx u e,/8(^> 0||z2(]j) + 9 || , 9a;a;xx' u e,/3(/ : ) 0|| £2( R ) 


2 

+ ^!_±^L4 0||y (R) + Bp£ || d? x u £i/3 (t, -)||i2 (R) 


dt 


(3 ' 9) + (1 - 20 Ce \\d t u £ ^t, -)lli 2(R) + -f 1 ||C^(t, 0||y W 

+ (^ - 8 ^ 2 ) /3 2 e II dLzUtfit, .)||i 2(R) + (E - 1) ^ ||^s*« eij 8(t, Oil 

+ {A- 2A 2 - C 2 H 2 ) e 3 || d 2 xx u £> p(t, -)|| 2 2(R) 

CqD \ 

g J £ II U E,f){ t l ')d X U E,p(t, •) || £2( R ) Cq£ || d x U £ fi(t, •) || £2( R ) ■ 


2 

L 2 (R) 


3 
2 

We search A, B, C, E such that 


1 - 2C > 0 , 

C 9 

- - 8S 2 > 0, 

E- 1 > 0, 

A - 2^4 2 - C$D 2 > 0, 


3 CqD 
2 B~ 


> 0 , 


that is 


(3.10) 


C ,T 

5 2 < —, 

16 

E > 1, 

2,4 2 - vl + C/qH 2 < 0, 

n 3B 

2C 0 ' 
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We choose 
(3.11) 


C=i E — 2. 


4 

It follows from the second inequality of (I3.1UI) . and (13.111) that 

1 


Hence, we can choose 

(3.12) 

Subst 

(3.13) 


B< 1 


B -I 
9 


y 

Substituting (13.121) in the fifth inequality of (13.101) . we have 

«< 1 


The fourth inequality admits solution when 


D < 


6Co 


2y/2 


It 

(3.15) 
Therefor 


8C 0 ' 

1 2 ^\_ 1 


(3.14) 

follows from (13.131) and (13.141) that 

D < min { ——, * )■ = ——. 

y 6Co 8Co J 6Co 

re, from (13.101) and (13.151) . there exist 0 < A\ < A 2 such that 
(3.16) 0 < A x < A < A 2 . 

Substituting (13.111) . (13.121) . and (13.151) in (13.91) . from ([3.161) . we get 

4 IK/jft ’)ll* 4 (R) 4 g \\d x u e ,p(t, 0 ll* 2 (i)^ 


dt \ 4 


d ( A B 2 f 2 9 

+ J t 011*2(1) + Z 3 || ^xxxUeAt’ ' 
, /3e 2 4- 18/3 2 d lla2 __ ^ \ 112 , f$£ 11 q2 ^ 

+ 18 dt " xxU £,PV'i / IIZ/ 2 (M) 9 


+ g \\dt u e,p(t, 011*2(1) + -^g - || ®txxx u e,ptti 0 11*2(1) 


+ 


g u '"E ,M 

73/? £ 11 „o . \||2 /? £ 11 _o , x 11 2 

g *)|Il 2 (r) 2~ ‘)||l 2 

+ ||^a;® w e,/9(^> 0||*2(i) T -^2^ ||' u £„s(^> 0 ^x u s,p{t, ■ 

— Cq£ || d x u e ,p(t, 0ll*2(i) j 
for some K\, I \2 > 0. 

An integration on (0, t), (12.51) . and (13.11) give 

1 M , . M 4 (4 A 4~ 1) £ 2 M n i . 1,2 

4 \\u £ ,p{t, 011*4(1) H g \\UxUe,p{t, 011*2(1) 

A(3 2 £ 2 2 2 

3 2 ||^a;xx u E>)9(^> 0 ||*2(i) 4“ Z 3 ||^xxxx u E)/ 9(^, 0||*2(i) 

j3e 2 + 18/3 2 || fl2 ^ N ||2 1 Z 3 ^ f* || ^2 >, ||2 

-(g || ®XX U £, PV'l 0 11*2(1) 4“ g J f \\dtx U E,l3\ S l 0 ||/ 


+ 
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+ 


+ 


8 j ") 11Z/ 2 (K) d~ -j^g J )||_L 2 (R) ^ 

J ’) || L 2 (S.) ^ ^ 2~ J II ^xxx^s,P ") |Ii,2(r) 

J 0 KWv)|L 2(R) ds + I\ 2 £ j: ')dx'Ue,is( 


73 p 2 e 
648 


+ K 2 £' 


<C 0 + C 0 £ II d x u e> p(s,’ 


S ' ')IIl 2 (R) ds 


ds < Cq- 


Hence, 


\\ U £,p(fl ') 11^4^) <Co, 

£ \\9 x u £t p(t, •)||^2^]u) <Co, 

/3 £ ||C^(V)|| l2(k) <Co, 
ft 2 \\dxxxx u £,p{ti ')|Il 2 (m) <C 0 , 
ft 2 £ || ^xx^£,p(fi ’) |Il 2 (R) —^-'Oi 

ft || < ^a:x' u £,/9(^) ')11_£,2(R) —Co; 


fte r IIC 

■Jo 

u £ ,p( s ’ 

•111 2 

1|Il 2 (r) 

ds 

ftp 

VI 

£ / II dtu e ,p(s, 
JO 

') L 2 (R) 

ds 

<C 0 

P 3 £ [ 11^** 

JO 

Ue,0{ s , 

dll 2 

1|Il 2 (r) 

ds 

<C 0 

e [ ne* 

■Jo 

u £ ,p( s i 

dll 2 

!|Il 2 (r) 

ds 

<C 0 

ft 2 e f\\dl xx 

JO 

u e ,p(s, 

dll 2 

1|Il 2 (r) 

ds 

<C 0 

£ 3 Aie 

■Jo 

U £,0{Jl 

dll 2 

1|Il 2 (r) 

ds 

<C 0 

/ \\u £ ,p(s,-)d x 

Jo 

Ue,p( S ’ 

dll 2 

1IIl 2 (R) 

ds 

<C 0 


for every 0 < t < T. □ 

We are ready for the proof of Theorem 13.11 

Proof of Theorem \3. 1L Let us consider a compactly supported entropy-entropy flux pair 
( 77 , q). Multiplying (12.11) by r/(u £ ^), we have 

dtv(u e ,p) + d x q(u £ ,p) =£r]'(u e fi)dl x u £i p - fddl xx u £i p - /?V {u £ ^)d\ xxxx u £ ^ 

=h,e,/3 + h ,e,/9 + h,e,/3 + h,e,/3 + h,£,P + h,e,0 

where h, e ,p, h,e,p, h,e,p, h, E ,p, h,e,p, h,e,p are defined in (12.141) . 

As in [9] Theorem 3.1], we obtain that h, £ ,p 0 in iL _1 ((0, T) x R), {I 2 ,£,p}£,p>o is 

bounded in L 1 ((0,T) x R), I^ £y p —>• 0 in H~\(0,T) x R), I*>, e ,p ~> 0 in L 1 ((0,T) x R), 
while as in [8] Theorem 2.1] l 3 }£i p —> 0 in Lf _ 1 ((0, T) xR), and, Ia, £ ,0 —>■ 0 in L 1 ((0, T) xR) 
Arguing in [81 Theorem 2.1], we have (12.151) . □ 
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Appendix A. The Benjamin-Bona-Mahony equation 
In this appendix, we consider The Benjamin-Bona-Mahony equation 


(A.l) 


dt.u + ud x u — (3df xx u = 0. 


We augment (1A.1I) with the initial condition 


(A.2) 


tt(0,x) = u 0 {x), 


on which we assume (11.171) We study the dispersion-diffusion limit for (1A.1I) . Therefore, 
we fix two small numbers e, (3 and consider the following third order problem 



where u St p t o is a C°° approximation of uq such that 

u e,p,o ~t uo in ^L(K), 1 < p < 2, as 5, P 0, 

(A.4) ft •^ > ^5 



and Co is a constant independent on e and /3. 

The main result of this section is the following theorem. 

Theorem A.l. Assume that (11.171) and (1A.4D hold. If (12.31) holds, then, there exist two 
sequences {e n } ne N, {/3 n } nG N? with e n ,/3 n —>• 0, and a limit function 


u € L°°(R + ;L 2 (R)), 


such that 

i) u £rii p n —>• u strongly in L(’ oc (R + x R), for each 1 < p < 2, 
ii) u a distributional solution of m- 
Moreover, if (El holds 

in) u is the unique entropy solution of El- 

Let us prove some a priori estimates on u £} p, denoting with Co the constants which 
depend only on the initial data. 

Arguing as |35], we have the following result 

Lemma A.l. For each t > 0, 


(A.5) 



Moreover, 

(A.6) 


U £,p(t, ') || 



Lemma A.2. Assume (12.31) . For each t > 0, 

n . /i2 9 



(A.7) 
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Proof. Let t > 0. Multiplying (1A.3H by —2/3^d xx u £ ^ — l 8 ed'f xx u £ jj, we have 

(- 2 fid 2 xx u e ^ - Pedf xx u £ ^ d t u e # + (- 2 ^d 2 xx u e ^ - (3ed? xx u £ ^ u £ji d x u £/i 
(A. 8 ) - /3 (-2 p?d% x u £t p - /3ed? xx u £>j8 ) df xx u £ .0 

=e (-2 fidl x u £ ,p - (3edf xx u £ ^ d 2 xx u e ^. 

Since 

J (-2 (3^d 2 x u £j/3 - / 3sdf xx u E>/3 ) d t u £}0 dx 

= ^ fff II d x u Et p(t, -)||+ (3s ||^ x w £ii g(t,')11i2(M) ’ 

f R (~ 2 P* a %x u e,P ~ P ed t XX U £ ,p) df xx U £ 0(lx 

— P~ fff || ^xx u e,p{ti ') 11Z/ 2 (M) P E ll^tex^/S^) ’)||l2( R ) > 

£ J (-ZP^d'Lur,? - pedf xx u £j ^j d 2 x u £ . j3 dx 

=-2ph\\d 2 xx u £t p(t,-)\\ 2 L2m P £ d 
integrating (1A.8I1 on JR, we get 


2 dt 


\\dxx u e,p(t’ ’) 11 l 2 (K) > 


(A.9) 


^ f/3 2 \\dx u e,p(t, -)IIl2 (]R) + 2 ^xx u e,p{^i ‘)||i 2 (]R)J 

+ 2/3 2 £ ||5 a , :E 'li £!( (3(t, •) || £2pj) P P £ 11 d^ xx U £> p(t, •) 11 ^2 
+ P £ \\&tx u e,p(t, ■) 11x, 2 (]R) 

= 2/35 / u £j pd x u £ 'pd$. x u £t pdx - /3e / u £ ^d x u E ^df xx u £ ^dx. 

J ]R J ]R 

Due to (12.311 . (1A.6H . and the Young inequality, 


2/3 2 [ \u £ fid x u £t p\\d 2 x u £i p\dx = (3% f 2u ^P dxU ^P 
J M J 1 R 

2/3 2 f 2/0 \ 

- / u eA d x u e,p) 

JR 


£?d 2 




dx 


< 


2 ^ + ^IIC^,/3(u)||£ 2 (r) 


< 0,6 


/ u e,p(Px u E,p) 
JR 


dx P „ ') 11Z , 2 (]R) 


< 


Cx)£ \\u £ fl(t, ■) ll^oo/jj) ||5a;U £j| a(t, ■)IIl 2 (' R ) + 2 ||^xx u e,/ 8 (i) Oll^jj) 


< ll^(t, -)IIL(K) + ^ Iie«^(‘. Ollhm ■ 


(A.10) 

















20 


G. M. COCLITE AND L. DI RUVO 


Thanks to (1A.6I) . and the Young inequality, 

/3e / \u £ ^d x u £)0 \\df xx u £ ^\dx = e / \u E ^d x u £ ^\\/3df xx u £ ^\dx 
J M J M 

£ f (3s 2 

— 2 / u e,piPx u £,£) dx H — ||3 t 3 , a ,w £ij g(t, 

(A.- 11 ) g p £ 

-)IIloo( R ) II d x U Ei p{t, -)IIl 2 (R) “1“ ~2 II &txx u e,p{ t i ')||_l2( R ) 


e . 

< 2 IK* 


< —T 


2/5 = 


\\9xUe,fil(t: ’) IIl2( R ) + 2 \\dtxx u £,p(t'i ') 11X/2(]R) 


It follows from (1A.9H . (IA.10I) . and (lA.llft that 

fff ^ P 2 ||^x“e,^(i) ')IIl 2 (R) + _ 2 \\dxx u £,p(t’ ')||i2( R )l 

3/3 ^ £ || O o / \ 112 /3 £ 11 _ o , v 112 

“I 2 *) Hl 2 (R) ^ 2~ \\dtxx u e,PV'i *) |Il 2 (M) 


Hence, 


+ ||^tx u e,/S(£> *)IIX, 2 (]R) — ") Hz, 2 (M) 


^ ^/3 ||5 x ri £)( a(t, •)|| i 2( R ) + 2 H^xx u e,/8(*1 ') IIZ,2( R ) 

/^ e II o3 (4- Nil 2 

2 I wixx^'e,/?'. ’ '/ || L 2 ( R ) 


+ -y- ll 5 xx^(^r)|| L 2( R ) + 2 


'' ' - ' I I Lj II ' ' I I 

+ /5 2 £■ ||5 te « £)( g(f, •)||^ / 2( R ) A Cq£ || d x U £i p(t ,') 11L 2 (R) • 

An integration on (0, t) and (IA.5D give 

ft \\dx U £,p(tl Oil X,2 ( R J 

3 /3e f l n 9 .m 2 

+ — J o || 5 xx^( s r)|| I/ 2 ( R) + 

3-2 £ 9 

+ /3:e ||<9 tx 'u £i( g(t, ■) ||^2( R ) Y Co + Cq£ J || d x u e ^(s, ■) ll2 2 (R) — G), 

that is (1A.7I) . 


II2 , 2/5 2 + /3 2 £ 2 ||a2 __ ^ ^ || 2 

1+ 2 ||^XX^£,/3 W> ’) 11 Z/2 ( R ) 


||^txx^e>|8(®> ’)|Il 2 (R) 


-f 


□ 


We continue by proving the following result 

Lemma A.3. Assume that (11.171) . (12.31) . and (IA.4I) hold. Then, for any compactly sup¬ 
ported entropy-entropy flux pair ( r /, q), there exist two sequences {£ n }neN> {AijneN, with 
e n , fin —> 0 , and a limit function 

u € L°°(M + ;L 2 (M)), 


such that ( 12 . 121 ) holds and 

(A. 12) u is a distributional solution of ( 11 . 21 ) . 
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(A.13) 


Proof. Let us consider a compactly supported entropy-entropy flux pair ( r],q ). Multiply¬ 
ing dS3D by r)'(u £ fi), we have 

dtv(u £ ,p) + d x q{u e>p ) =erf {u e ^)d 2 xx u e ^ + fir)'(u £ ,p)d$ xx u £ jg 

=h,e,P + h,E,P + h,e,P + h ,s,p, 

where 

Il,e,P = (, u £,p)d X U £t p), 

^2,e,p = —£?] { u E,p)(dx u £,p) , 

^3 ,e,p d x (fiv i^£,p')^tx^‘^,p)i 

^ 4 ,£,p flv {p£,p)9 x u £ ^d^ x u £ ^. 

Fix T > 0. Arguing in |12j Lemma 3.2], we have that I\, e ,p —> 0 in iL^ 1 ((0, T) x R), and 
{^ 2 ,e,^}e,/ 3 >o is bounded in L 1 ((0,T) x R). 

We claim that 

h, £ ,p 0 in -ff - 1 ((0,T) x R), T > 0, as e —>• 0. 

By (12.31) and (1A.7I) . 

II P 7 ! ( tte >^)^a:' Ue ./ 3 IL 2 ((0,T)xR) 


</? 2 ||r/| 
= ikii L o 
= \W\\ L o 

Let us show that 


I L°°( 




L 2 ((0,T)xI 


11 o2 112 

£ H a t3; ll £^llL 2 ((0,T)xR) 

ft fie II r)2 112 . n II /■ 

11 ^tx^£,P 11 £ 2 ((0,T) xR) — ^° lm I 


, £ —> 0 . 


I4,e,p is bounded in L 1 ((0, T) x R), T > 0,. 
Thanks to (12.31) . (jA.5l) . (IA.7D . and the Holder inequality, 

11 flh { u £,p)dxU- £ ,pd tx u £ fi 11 L i ((q T ) X R) 


IK11£«,(*) [ [ \d x u £t pa% c u et p\dsdx 

JO J M 


<pb ii l 


1 3 

_ n_//ii Mfl n Ma2 n 

— II 7 ? IIl°°(R) g. H a x^e,/3|| L 2 (( 0) T)xR) 11 ^tx^£,P 11L 2 ((o,T)> 

"II M "II 

— Co b 11 £°°(r) — C Co || r] || L oo( K ) • 


□ 


Arguing as in f35], we have (IA.12D . 

Lemma A.4. Assume (11.171) . (12.41) . and, (IA.4I) hold. Then, for any compactly sup¬ 
ported entropy-entropy flux pair (r/, q), there exist two sequences {£ n } ne ^, {/3 n }neN; with 
£ n , fl n —> 0 , and a limit function 

u € L°°(R + ;L 2 (R)), 

such that ( 12 . 121 ) and (12.151) hold. 

Proof. Let us consider a compactly supported entropy-entropy flux pair ( 77 , q). Multiply¬ 
ing (IA.3I) by r/(u £j p), we have 

dtv(u £ ,p) + d x q{u £tP ) =£if (u £i fi)d 2 xx u £ fi + flij'(u £ ^)df xx u £j p 

=h,e,p + h ,£,p + h,£,p + h ,e,Pi 
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where h, e ,p, h,e,p, h,e,p, h,e,p are defined in (IA.13D . 

As in Lemma EH we have that h, E ,p, h,e,p 0 in R _1 ((0,T) x M), {I 2 ,e,p}e,p>o is 
bounded in L 1 ((0,T) x R), while h,e,/3 ^ 0 in L 1 ((0, T) x R). 

Arguing as in |24| . we have (|2.15l) . □ 

Proof of Theorem \A.1\ Theorem IA.1I follows from Lemmas I A. 31 and IA.41 □ 
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